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Abstract We investigate particular cosmological models, based either on tachyon
fields or on perfect fluids, for which soft future singularities arise in a natural
way. Our main result is the description of a smooth crossing of the soft singu-
larity in models with an anti-Chaplygin gas or with a particular tachyon field
in the presence of dust. Such a crossing is made possible by certain transforma-
tions of matter properties. We discuss and compare also different approaches
to the problem of crossing of the Big Bang Big Crunch singularities.
Keywords Cosmology · Singularities · Fields
1 Introduction
As is well known, General relativity connects the geometrical properties of the
spacetime to its matter content: matter tells spacetime how to curve itself,
the spacetime geometry tells matter how to move. The problem of cosmologi-
cal singularities has been attracting the attention of theoreticians working in
gravity and cosmology since the early 1950s [1]. In the 1960s, general theorems
about the conditions for the appearance of singularities were proven [2,3] and
the oscillatory regime of approaching the singularity [4], called also “Mixmas-
ter universe” [5], was discovered. Basically, until the end of 1990s almost all
discussions about singularities were devoted to the Big Bang and Big Crunch
singularities, which are characterized by a vanishing cosmological radius.
However, kinematical investigations of Friedmann cosmologies have raised
the possibility of sudden future singularity occurrence [6], characterized by
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a diverging acceleration a¨, whereas both the scale factor a and a˙ are finite.
Then, the Hubble parameter H = a˙a and the energy density ρ are also finite,
while the first derivative of the Hubble parameter and the pressure p diverge.
Until recent years, however, the sudden future singularities attracted rather a
limited interest of researchers.
The discovery of cosmic acceleration [7,8] stimulated the development of
“exotic” cosmological models of dark energy [9]; in some of these models soft
future singularities arise quite naturally. Thus, during the last decade a plenty
of work, devoted to the study of future singularities was done (see, for example,
the review [10] and references therein). A distinguishing feature of these sin-
gularities is the fact that rather often they can be crossed [11,12]. Indeed, due
to finiteness of the Christoffel symbols, the geodesic equations are not singular
and, hence, can be continued through these singularities without difficulties.
Here a new and interesting phenomenon arises: in some models interplay be-
tween the geometry and matter forces matter to change some of its basic
properties, such as the equation of state for fluids and even the form of the
Lagrangian [13,10]. Here, we consider some particular toy models, revealing
this enigmatic effect.
One of the natural candidates to play the role of dark energy are the so
called tachyon models, inspired by some implications of the string models
[14,15,16]. It would be more correct to call them “Born-Infeld type” models
[17]. A distinguishing feature of these models is a non-polynomial structure of
the kinetic term in the Lagrangian. Indeed, it contains a square root. When
these models are put into a cosmological context, the pressure component of
the energy-momentum tensor is negative, as it should be for dark energy. We
shall use the toy tachyon model, proposed in 2004 [18]. It has two particular
features: the tachyon field transforms itself into a pseudo-tachyon field; The
evolution of the universe can encounter a new type of singularity - the Big
Brake singularity. The Big Brake singularity is a particular type of the soft
cosmological singularities - the radius of the universe (i.e. scale factor) is finite,
the velocity of expansion is equal to zero, the deceleration is infinite. It is the
study of the models with the Big Brake singularity and their generalizations
with the inclusion of dust-like matter, which leads us to some paradoxes and
to searches of way outs.
Generally, the crossing of the Big Bang – Big Crunch singularity is more
complicated and looks more counter-intuitive with respect to the crossing of
the soft future singularities. However, during last decade some approaches to
this problem were elaborated. Behind of these approaches there are basically
two general ideas. Firstly, to cross the singularity means to give a prescrip-
tion matching non-singular, finite quantities before and after such a crossing.
Secondly, such a description can be achieved by using a convenient choice of
the field parametrization. Here, we present some examples of such crossing
and compare briefly our approach with those recently developed [19,20,21,22,
23,24]. The structure of the paper is the following: in the second section we
present a toy tachyon model, where arises the Big Brake singularity and de-
scribe the process of its crossing; the third section is devoted to the crossing of
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the soft cosmological singularity in the model with the anti-Chaplygin gas and
dust; in the fourth section we consider the crossing of the Big Brake singularity
and the future of the universe in the tachyon model in the presence of dust;
fifth section is devoted to the description of the Big Bang -Big Crunch singu-
larity crossing in the Friedmann-Lemaˆıtre universe, filled with the scalar field;
in the sixth section we consider the same problem in an anisotropic Bianchi-I
universe; the last section contains some concluding remarks.
2 The tachyon model and the Big Brake singularity
We shall consider the flat Friedmann-Lemaˆıtre universe
ds2 = dt2 − a2(t)dl2,
filled with a spatially homogeneous tachyon field. The tachyon Lagrange den-
sity is [14]
L = −V (T )
√
1− T˙ 2,
the energy density of the tachyon field is
ρ =
V (T )√
1− T˙ 2
,
while the pressure is
p = −V (T )
√
1− T˙ 2.
The Friedmann equation is
H2 ≡ a˙
2
a2
= ρ
and the equation of motion for the tachyon field is
T¨
1− T˙ 2 + 3HT˙ +
V,T
V
= 0.
In our model [18]
V (T ) =
Λ
sin2
[
3
2
√
Λ (1 + k) T
]
×
√
1− (1 + k) cos2
[
3
2
√
Λ (1 + k)T
]
,
where k and Λ > 0 are the parameters of the model. The case k > 0 is
more interesting. Indeed, some cosmological evolutions in the framework of
this model finish in an infinite de Sitter expansion, while in other evolutions
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the tachyon field transforms into a pseudo-tachyon field with the Lagrange
density, energy density and positive pressure:
L =W (T )
√
T˙ 2 − 1,
ρ =
W (T )√
T˙ 2 − 1
,
p =W (T )
√
T˙ 2 − 1,
W (T ) =
Λ
sin2
[
3
2
√
Λ (1 + k) T
]
×
√
(1 + k) cos2
[
3
2
√
Λ (1 + k)T − 1
]
.
Such a transformation is caused by the fact that at some point of the phase
space the kinetic term and the potential term become simultaneoulsly equal
to zero and should change their signs, which makes them imaginary. At the
same time the equation of motion are regular. Thus, it is necessary to redefine
both the kinetic and potential terms as it was done in the formulae above [18].
What happens to the Universe after the transformation of the tachyon into
the pseudo-tachyon ? It encounters the Big Brake cosmological singularity [18].
t→ tBB <∞,
a(t→ tBB)→ aBB <∞,
a˙(t→ tBB)→ 0,
a¨(t→ tBB)→ −∞,
R(t→ tBB)→ +∞,
ρ(t→ tBB)→ 0,
p(t→ tBB)→ +∞.
If a˙(tBB) 6= 0 it is a more general soft singularity. At the Big Brake singularity
the equations for geodesics are regular, because the Christoffel symbols are
regular (moreover, they are equal to zero). Thus, it shoud be possible to cross
the Big Brake singularity. This process can be described in detail. On analyzing
the equations of motion we find that on approaching the Big Brake singularity
the tachyon field behaves as [25]
Singularity crossing, transformation of matter properties, field parametrization 5
T = TBB +
(
4
3W (TBB)
)1/3
(tBB − t)1/3.
Its time derivative s ≡ T˙ behaves as
s = −
(
4
81W (TBB)
)1/3
(tBB − t)−2/3,
while the cosmological radius is
a = aBB − 3
4
aBB
(
9W 2(TBB)
2
)1/3
(tBB − t)4/3,
its time derivative is
a˙ = aBB
(
9W 2(TBB)
2
)1/3
(tBB − t)1/3
and the Hubble variable is
H =
(
9W 2(TBB)
2
)1/3
(tBB − t)1/3.
All these expressions can be continued into the region where t > tBB,which
amounts to crossing the Big Brake singularity. Only the expression for s is
singular at t = tBB , but this singularity is integrable and not dangerous.
Once reaching the Big Brake, it is impossible for the universe to stay there
because of the infinite deceleration, which eventually leads to a decrease of the
scale factor. This is because after the Big Brake crossing the time derivative of
the cosmological radius and Hubble variable change their signs. The expansion
is then followed by a contraction, culminating in the Big Crunch singularity.
3 Crossing of the soft singularity in the model with the
anti-Chaplygin gas and dust
One of the simplest cosmological models revealing a Big Brake singularity is
the model based on the anti-Chaplygin gas with an equation of state
p =
A
ρ
, A > 0.
Such an equation of state arises, for example, in the theory of wiggly strings
[26,27]. The energy density now is
ρ(a) =
√
B
a6
−A.
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At a = a∗ =
(
B
A
)1/6
the universe encounters the Big Brake singularity.
In the universe filled by the anti-Chaplygin gas and dust the energy density
and the pressure are
ρ(a) =
√
B
a6
−A+ M
a3
, p(a) =
A√
B
a6 −A
.
Due to the presence of the dust component, the Hubble parameter has a non-
zero value at the encounter with the singularity, therefore the dust implies
further expansion. With continued expansion however, the energy density and
the pressure of the anti-Chaplygin gas would become ill-defined.
In principle, one can resolve this paradox, considering an abrupt transition
from an expansion to a contraction at the finite (non-vanishing) expansion
rate. It could be done self-consistently on using generalized functions [28].
However, the abrupt transition from the expansion to the contraction of the
universe does not look natural. There is an alternative way of resolving the
paradox. One can try to change the equation of state of the anti-Chaplygin
gas on passing the soft singularity [13,10]. There is some analogy between the
transition from an expansion to a contraction of a universe and the perfectly
elastic bounce of a ball from a wall in classical mechanics. There is also an
abrupt change of the direction of the velocity (momentum). However, we know
that in reality the velocity is changed continuously due to the deformation of
the ball and of the wall. Something similar occurs also in the cosmology. To see
this let us discuss what happens when the anti-Chaplygin gas arrives closely
to the singularity.
The pressure of the anti-Chaplygin gas
p =
A√
B
a6 −A
tends to +∞ when the universe approaches the soft singularity. Requiring the
expansion to continue into the region a > aS , while changing minimally the
equation of state, we assume
p =
A√
| Ba6 −A|
,
p =
A√
A− Ba6
, for a > aS.
Using the energy conservation equation
ρ˙+ 3
a˙
a
(ρ+ p) = 0,
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we obtain the energy density
ρ = −
√
A− B
a6
.
The anti-Chaplygin gas transforms itself into the Chaplygin gas [29], i.e. the
gas with the equation of state
p = −A
ρ
, A > 0,
with a negative energy density. The pressure remains positive and the expan-
sion continues. The spacetime geometry also remains continuous. The expan-
sion stops at a = a0, where
M
a30
−
√
A− B
a60
= 0.
Then the contraction of the universe begins. At the moment when the energy
density of the Chaplygin gas becomes equal to zero (again we encounter a soft
singularity), the Chaplygin gas transforms itself back into the anti-Chaplygin
gas and the contraction continues culminating in an encounter with the Big
Crunch singularity. Thus, we have obtained a self-consistent picture of the
cosmological evolution of the Friedmann-Lemaˆıtre universe filled with the anti-
Chaplygin gas and dust.
4 Crossing the Big Brake singularity and the future of the universe
in the tachyon model in the presence of dust
Now we shall try to consider a more complicated model. What happens with
the Born-Infeld type pseudo-tachyon field in the presence of a dust component
? Does the universe still run into a soft singularity? To see that the answer
to this question is affirmative, it is enough to find the time dependence of the
pseudo-tachyon field in the vicinity of the singularity:
T = TS ±
√
2
3HS
√
tS − t, HS =
√
ρm,0
a3S
.
How can the universe cross this singularity? To answer this question it is con-
venient to begin with the analysis of the simplest case: the pseudo-tachyon field
with a constant potential. A pseudo-tachyon field with a constant potential is
equivalent to the anti-Chaplygin gas. (The fact that the tachyon field with the
constant potential is equivalent to the Chaplygin gas was noticed in [30]). In
this case to the change of the equation of state of the anti-Chaplygin gas corre-
sponds the following transformation of the Lagrangian of the pseudo-tachyon
field:
L = W0
√
T˙ 2 + 1.
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Correspondingly, the pressure and the energy-density are
p =W0
√
T˙ 2 + 1,
ρ = − W0√
T˙ 2 + 1
.
It is a new type of Born-Infeld field, which we may call “quasi-tachyon”.
For an arbitrary potential the Lagrangian reads
L = W (T )
√
T˙ 2 + 1, a > aS
and
T¨
T˙ 2 + 1
+ 3HT˙ − W,T
W
= 0,
ρ = − W (T )√
T˙ 2 + 1
,
p = W (T )
√
T˙ 2 + 1.
Why can we make this kind of the generalization for a Lagrangian of a Born-
Infeld type field? In the vicinity of the soft singularity the friction term 3HT˙
in the equation of motion dominates over the potential term W,T /W . Hence,
the dependence ofW (T ) on its argument is not essential and a pseudo-tachyon
field approaching this singularity behaves like one with a constant potential.
Thus, it is reasonable to assume that upon crossing the soft singularity the
pseudo-tachyon transforms itself into a quasi-tachyon for any potential W (T ).
5 Big Bang -Big Crunch crossing in the Friedmann-Lemaˆıtre
universe, filled with the scalar field
The idea that the Big Bang - Big Crunch singularity can be crossed appears
very counterintuitive. However, during the last decade some approaches to the
description of this crossing were elaborated [19,20,21,22,23,24]. Behind these
approaches there is a general idea: on choosing some convenient parametriza-
tion of the metric and of the matter fields one can provide a matching between
the characteristics of the universe before and after the singularity crossing.
Here there is an analogy with the horizon which arises due to a certain choice
of the spacetime coordinates: the singularity arises because of some choice of
the field parametrization. On choosing appropriate combinations of the field
variables we can describe the passage through the Big Bang - Big Crunch sin-
gularity, but this does not mean that the presence of such a singularity is not
essential. Indeed, extended objects cannot survive this passage. In this sense
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one can trace an analogy to the Kruskal coordinates for the Schwarzschild
geometry: the introduction of such coordinates does not eliminate the horizon
and the effects, connected with its existence, but, instead, permits us to see
what happens behind the horizon.
In paper [31] we have considered a flat Friedmann-Lemaˆıtre universe filled
with a scalar field, non-minimally coupled with the scalar curvature. The ac-
tion in this model looks as
S =
∫
d4x
√−g
[
U(σ)R − 1
2
gµνσ,µσ,ν + V (σ)
]
An interesting particular case is the case of the conformal coupling between
the curvature and the scalar field when
U(σ) = U0 − 1
12
σ2.
A conformal transformation of the metric
gµν =
U1
U
g˜µν ,
toghether with the introduction of a new scalar field φ:
dφ
dσ
=
√
U1(U + 3U ′2)
U
⇒ φ =
∫ √
U1(U + 3U ′2)
U
dσ,
φ =
√
3U1 ln
[√
12U0 + σ√
12U0 − σ
]
,
σ =
√
12U0 tanh
[
φ√
12U1
]
,
bring us to the action for a minimally coupled scalar field:
S =
∫
d4x
√
−g˜
[
U1R(g˜)− 1
2
g˜µνφ,µφ,ν +W (φ)
]
,
with
W (φ) =
U21V (σ(φ))
U2(σ(φ))
.
This is called the transformation from the Jordan frame to the Einstein frame
[32].
In a flat Friedmann-Lemaˆıtre universe
ds2 = N2dτ2 − a2dl2,
ds˜2 = N˜2dτ2 − a˜2dl2.
10 A.Yu. Kamenshchik
The relations between the lapse functions N and N˜ and the scale factors a
and a˜ in these two frames are given by
N˜ =
√
U
U1
N, a˜ =
√
U
U1
a.
Besides,
t =
∫ √
U1
U
dt˜,
where t and t˜ are the cosmic time parameters in the Jordan and the Einstein
frames. In terms of the scalar field, the relation between the scale factors can
be rewritten as
a = a˜
√
U1
U0
cosh
(
φ√
12U1
)
.
The transitions between the Jordan frame and the Einstein frame can be
used to find the solutions of the dynamical equations for some cosmological
model in one frame if some such solutions are known for its counterpart in
another frame. This method was used in papers [33,34], where starting from
some exact solutions obtained in [35] for models with a minimally coupled
scalar field , were constructed their counterparts in the models with conformal
coupling and in the induced gravity models [36]. There exists a lot of works
devoted to the question of the so called equivalence of the Jordan and of the
Einstein frames. Especially complicated looks this problem in the quantum
context (see e.g. [38,39] and the references therein).
We wish to emphasise that from our point of view the Einstein frame
and the Jordan frame are mathematically equivalent and self-consistent de-
scription of reality can be constructed in any frame. However, the physical
cosmological evolutions are those seen by an observer using the cosmic (syn-
chronous) time, which is different in different frames. Thus, evolutions in the
Einstein and Jordan frames, connected by a conformal transformation and by
the reparametrization of the scalar field can be qualitatively different. We have
constructed an explicit example of such a difference in [40]. More precisely, we
have considered a de Sitter expansion in induced gravity with a scalar field
squared self-interaction potential [41] and shown that its counterpart is the
well-known particular power-law solution [42] in a minimally coupled model
with an exponential potential. We think that while the general solutions for
some non-minimally coupled models can be obtained from their minimally cou-
pled counterparts, the study of their behaviour is of interest because it can be
physically different. The fact that the expansion in one frame can correspond
to the contraction in another frame has also been noticed in the literature [43,
44].
Here we shall use that transitions between the frames to describe the sin-
gularity crossing. Indeed, at the moment of the arriving to the singularity in
one frame, the universe can have quite regular evolution in another frame. It
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does not mean that the singularity disappears in some enigmatic way, it is
simply shifted to the singular conformal transformation between the frames.
However, we shall see that it is enough to describe the crossing of the singu-
larity in a self-consistent way. We shall use the simplest model of the massless
scalar field with the vanishing potential because already in this case all the
basic features of our approach can be seen.
In the vicinity of the singularity in the Einstein frame:
a˜ ∼ t˜ 13 → 0, when t˜→ 0.
However, in the Jordan frame:
a ∼ t˜ 13
(
t˜
1
3 + t˜−
1
3
)
→ const 6= 0.
Meanwhile, the scalar field σ crosses the value ±√12U0 and the coupling
function U changes its sign. Thus, the evolution in the Jordan frame is regular,
and we can use this fact to describe the crossing of the Big Bang - Big Crunch
singularity in the Einstein frame.
If one considers the expansion of the universe from the Big Bang with
normal gravity driven by the standard scalar field, the continuation backward
in time shows that it was preceded by the contraction towards a Big Crunch
singularity in the antigravity regime, driven by a phantom scalar field with a
negative kinetic term [31].
The possibility of a change of sign of the effective gravitational constant
in the model with a conformably coupled scalar field was analysed in 1981
by A. Starobinsky [45], following the earlier suggestion made by A. Linde in
1980 [46]. It was shown that in a homogeneous and isotropic universe, one can
indeed cross the point where the effective gravitational constant changes sign.
However, the presence of anisotropies changes the situation: these anisotropies
grow indefinitely when this constant is equal to zero. In the next section we
shall describe this effect in our language and we shall show why the procedure,
described in this section does not work for a simple model of an anisotropic
Bianchi-I universe.
6 Singularity crossing in a Bianchi - I universe
Let us consider the simplest anisotropic cosmological model, the model of a
Bianchi-I universe. Using this example, we shall show that the method of the
description of the crossing of the singularity, described in the preceding section
and in paper [31] does not work in this case [47].
The metric of the Bianchi-I universe in the Einstein frame is
ds˜2 = N˜(τ)2dτ2 − a˜2(τ)(e2β1(τ)dx21 + e2β2(τ)dx22 + e2β3(τ)dx23),
while in the Jordan frame it is
ds2 = N(τ)2dτ2 − a2(τ)(e2β1(τ)dx21 + e2β2(τ)dx22 + e2β3(τ)dx23),
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where
β1 + β2 + β3 = 0.
One can show that
β˙i =
βi0
a˜3
, θ0 = β
2
10 + β
2
20 + β
2
30.
φ˙ =
φ0
a˜3
, φ =
φ0(
3θ0
2 +
3φ2
0
4U1
) 1
2
ln t˜.
In the vicinity of the singularity in the Einstein frame one has as before
a˜ ∼ t˜ 13 .
However, in the Jordan frame
a ∼ t˜ 13 (t˜γ + t˜−γ)→ 0,
because
γ =
φ0
3
√
φ20 + 2θ0U1
<
1
3
.
Thus, in the presence of a anisotropy one also encounters the Big Bang singu-
larity in the Jordan frame.
We shall look now for another way of reparametrizing of the fields, which
could permit the description of the singularity crossing. As in the case of the
transitions between the Jordan and the Einstein frames, such a change of the
reparametrizations involves some mixing between the geometrical and matter
degrees of freedom.
Let us for a moment come back to a Friedmann-Lemaˆıtre flat cosmological
model filled with a massless scalar field, minimally coupled to gravity. The
Lagrangian of this model can be represented as
L =
1
2
x˙2 − 1
2
y˙2,
where
x =
4
√
U1√
3
a˜
3
2 cosh
√
3
4
√
U1
φ, y =
4
√
U1√
3
a˜
3
2 sinh
√
3
4
√
U1
φ,
and the Friedmann equation is
x˙2 − y˙2 = 0.
Inversely,
a˜3 =
3(x2 − y2)
16U1
,
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φ =
4
√
U1√
3
arctanh
y
x
.
This kind of the Lagrangians, including also some potential terms of a partic-
ular form was used for the construction of some exact cosmological solutions
of the Einstein equations [48,49,50,51,52,53]. Initially
x > |y|.
The solution of the equations of motion is
x = x1t˜+ x0, y = y1t˜+ y0, x
2
1 = y
2
1 .
Choosing the constants as
x0 = y0 = A > 0, x1 = −y1 = B > 0,
we have
a˜3 =
3ABt˜
4U1
.
Now, we can make a continuation in the plane (x, y), to x < |y| or, in other
words, to t˜ < 0. Such a continuation implies an antigravity regime and the
transition to the phantom scalar field, just as in the more complicated schemes,
discussed before. Thus, using this very simple reparametrization of the gravi-
tational and matter (scalar) field, we have managed to describe the singularity
crossing [47].
How can we generalize these considerations to the case when the anisotropy
term is present ? Let us consider a system with the Lagrangian
L =
1
2
r˙2 − 1
2
r2(ϕ˙2 + ϕ˙21 + ϕ˙2
2),
where
ϕ1 =
√
3
8
α1, ϕ2
√
3
8
α2,
β1 =
1√
6
α1 +
1√
2
α2, β2 =
1√
6
α1 − 1√
2
α2, β3 = − 2√
6
α1.
We can again consider the plane (x, y) as
x = r coshΦ,
y = r sinhΦ,
where a new hyperbolic angle Φ is defined by
Φ =
∫
dt˜
√
ϕ˙21 + ϕ˙
2
2 + ϕ˙
2.
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We have reduced a four-dimensional problem to the old two-dimensional
one, on using the fact that the variables α1, α2 and φ enter into the equation of
motion for the scale factor a˜ only through the squares of their time derivatives.
The behaviour of the scale factor before and after the crossing of the singularity
can be matched by using the transition to the new coordinates x and y, which
mix geometrical and scalar field variables in a particular way. To describe the
behaviour of the anisotropic factors it is enough to fix the constants βi0.
7 Conclusions and discussion
In the present work we have considered some attempts of the description of
crossing of different kinds of the cosmological singularities. First, we have
considered the crossing of some future soft singularities. The fact that such
singularities can be crossed is rather known and does not provoke great con-
troversies. A particular feature of the models, considered in paper [13] and
in the preceding papers is that the process of the crossing of thew singular-
ity is described in detail and is at some circumstances accompanied by the
geometrically induced transformations of matter properties.
We would like to dwell on this fact. Concerning the transformation from
the anti-Chaplygin gas to the Chaplygin gas with negative energy density,
we would like to emphasize that this is not an extension of the definition
of the anti- Chaplygin gas into the region, where it was not defined before,
but instead that it is a transition from one perfect fluid to another one. This
transition is the result of a complicated interplay between the evolution of the
spacetime described by the Friedmann equations and the evolution of perfect
fluids, described by the continuity equations. Indeed, in the description of
this transition we use not only the equations of state of fluids, but also the
explicit dependences of their energy densities and pressure on the cosmological
radius. Thus, in describing the passage of the universe filled with the anti-
Chaplygin gas and with dust through the soft singularity, we put forward two
requirements: first, the cosmological evolution should be as smooth as possible;
second, the change of the character of the dependence of the energy density
and of the pressure of the fluids should be minimal. These two requirements
imply the transformation of the anti-Chaplygin gas into a Chaplygin gas with
a negative energy density.
The situation with transformations of the tachyon field is more compli-
cated. First of all, let us note that there are two different kinds of transforma-
tions, the transformation from tachyon to pseudo-tachyon and the transforma-
tion from pseudo-tachyon to quasi-tachyon. The first kind of transformation
was introduced in the paper [18]. This transformation is not connected with
the crossing of the singularity. When the pressure of the tachyon field van-
ishes, the potential and kinetic terms in the Lagrangian become ill defined.
However, the equations of motion of this field can be continued to the part of
the phase space of the corresponding dynamical system, where the pressure is
positive. The new Lagrangian well defined in this region, gives the equation of
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motion which coincides with the old equation of motion. The justification of
the transition from the pseudo-tachyon field to the quasi-tachyon field is more
subtle. This transformation is induced by the crossing of the soft singularity
in the presence of dust and there is no way to use the continuity of the form of
the Lagrangian or the conservation of the form of the equations of motion. We
use instead the fact that the equation of state of the pseudo-tachyon field with
constant potential coincides exactly with that of the anti-Chaplygin gas. Thus,
to provide a passage which is as smooth as possible of the universe filled with
the pseudo-tachyon field with constant potential through the soft singularity
we should find such a Lagrangian of a Born-Infeld-type field which is equiva-
lent to the Chaplygin gas with a negative energy density. Following this path
we come to the quasi-tachyon field. The last step consists in the generalization
of this scheme for the case of an arbitrary potential. Such a generalization is
justified by the fact, that in the vicinity of the soft singularity, the change of
the potential term of the pseudo-tachyon field is much slower in comparison
with that of the kinetic term. While the transition from the pseudo-tachyon to
the quasi-tachyon is more radical and involved than the other matter transfor-
mations considered here and in the preceding papers, it still looks quite logical
and probably the only one which is possible.
As we have already said above the idea of the crossing of the Big Bang
- Big Crunch singularity looks much more counterintuitive with respect to
the crossing of soft singularities. Nonetheless, the procedure for the crossing
of the Big Bang - Crunch singularity, based on the use of Weyl symmetry,
was elaborated [19,20]. Using a Weyl - invariant theory, where two confor-
mally coupled with gravity scalar fields were presented, the authors obtained
the geodesic completeness of the corresponding spacetime. The consequence of
this geodesic completeness is the crossing of the Big Bang singularity and the
emergence of antigravity regions on using the Einstein frame. The use of Weyl
symmetry to describe the passage through the Big Crunch - Big Bang singu-
larity accompanied by a change of sign for the effective Newton’s constant,
has led to some discussion. In [54,55] it was noticed that for such a passage
through the singularity some curvature invariants become infinite. In paper
[20] a counter-argument was put forward. If one has enough conditions so as
to match the nonsingular quantities before and after crossing the singularities,
then the singularities can be traversed. One can say that such a treatment
of the problem of singularities crossing is in some sense common to all the
attempts to describe this process. A somewhat different approach to the prob-
lem of a cosmological singularity was developed in papers [21,22]. There the
author considers the so called variable gravity together with the transitions
between different frames and the reparametrization of the scalar field. In par-
ticular, he introduces a so-called freeze frame where the universe is very cold
and slowly evolving. In the freeze picture the masses of elementary particles
and the gravitational constant decrease with cosmic time, while Newtonian
attraction remains unchanged. The cosmological solution can be extrapolated
to the infinite past in physical time - the universe has no beginning. In the
16 A.Yu. Kamenshchik
equivalent, but singular, Einstein frame cosmic history one finds the familiar
Big Bang description.
The conformal symmetry also was used in our approach, described in Sec.
5., where we implemented a particular choice of the coupling between the
scalar field and the scalar curvature - the conformal coupling [31]. We used a
conformal coupling because in this case the relations between the parametriza-
tions of the scalar field in the Jordan and in the Einstein frames have a simple
explicit form. Let us recapitulate the main idea of the paper [31]: when in the
Einstein frame the universe arrives at the Big Bang - Big Crunch singularity,
from the point of view of the evolution of its counterpart in the Jordan frame
its geometry is regular, but the effective Planck mass has a zero value. The
solution to the equations of motion in the Jordan frame is smooth at this point
and on using the relations between the solutions of the cosmological equations
in two frames one can describe the crossing of the cosmological singularity in
a uniquely determined way. The contraction is replaced by the expansion (or
vice versa) and the universe enters into the antigravity regime. Analogously,
when the geometry is singular in the Jordan frame it is regular in the Einstein
frame, and using this regularity we can describe in a well determined way the
crossing of the singularity in the Jordan frame. These scheme looks simpler
than that, used in [19,20], because only one scalar field is present. However, as
we have shown in Sec. 6, such an approach is not suitable for the description
of the singularity crossing in the anisotropic universes [47]. Thus, we have sug-
gested even more simple scheme, based on a particular reparametrization of
the metric and of the scalar field for the description of the singularity crossing
in the Bianchi-I universe [47].
Concluding, we would like to say that while the idea of the crossing of
the Big Bang - Big Crunch cosmological singularity looks rather exotic, it is
not the most radical idea, discussed during the last decade. Indeed, we would
like to mention the Conformal Cyclic Cosmology hypothesis by Roger Penrose
[56]. According to this hypothesis the universe iterates through infinite cycles,
with the future timelike infinity of each previous iteration being identified with
the Big Bang singularity of the next. Thus, the past conformal boundary of
one copy of a Friedmann-Lemaˆıtre spacetime can be “attached” to the future
conformal boundary of another, after an appropriate conformal rescaling. The
elimination of the isotropic cosmological singularities by means of an infinite
conformal rescaling was studied in detail in papers [57,58,59]. Combining this
method with the idea of the isotropization of an infinitely expanding universe
one can arrive to an infinite sequence of aeons, where the infinite expansion
at the end of one aeon is transformed into the Big Bang at the beginning of
another aeon.
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